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Abstract. We give the definition of angles on a Gromov-Hausdorff limit space of a 
sequence of complete n-dimensional Riemannian manifolds with a lower Ricci curvature 
bound, its fundamental properties and discuss a second differentiability of such spaces. 

1. Introduction 

Let X be a metric space. We say that a map 7 from [0, /] to X is a minimal geodesic 
if 7 is an isometric embedding. Let 71 and 72 be minimal geodesies on X beginning at 
X E X. Define the angle Z7172 between 71 and 72 at x by 

-2 



cos Z7172 = lim ■ 



if the limit exists, where x^ is the distance between x and y. 

This notion of angles is a crucial role to study metric spaces. For example, on Alexan- 
drov spaces (or CAT(K)-spaces), the angle between every two minimal geodesies beginning 
at a fixed point always exists. The existence directly follows from some monotonicity by 
Toponogov's comparison inequality, roughly speaking, the monotonicity is closely related 
an existence of a lower (or upper) bound of sectional curvature of the space. See for 
instance p[]. Remark that in general, angles are not well-defined. 

Now we consider the following question: 

Question: Is the angle between given two minimal geodesies beginning at a fixed point 
on a metric (measure) space with a lower Ricci curvature bound well-defined? 

The fact above that the angle between every two minimal geodesies on Alexandrov 
spaces is well-defined implies that the sectional curvature version of this question is YES. 
There are many important works for a lower Ricci curvature bounds on metric measure 
spaces. See for instance [311 133 SOI EDI 112] • Remark that a typical example of them is a 
Gromov-Hausdorff limit space of a sequence of Riemannian manifolds with a lower Ricci 
curvature bound. 

The next Colding-Naber's recent very interesting result implies that in general, an 
answer of the question above is NO: 
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Theorem 1.1. [TTl Theorem 1.2 and 1.3] For every n > 3, there exists a pointed proper 
metric space {Y,p) satisfying the following properties: 

(1) {Y,p) is a non- collapsing Gromov-Hausdorff limit space of a sequence of pointed 
n-dimensional complete Riemannian manifolds with a lower Ricci curvature bound. 

(2) All points of Y are regular points. Moreover, Y is a uniform Reifenberg space. 

(3) For every two minimal geodesies 71, 72 beginning at p and every 9 G [0,7r], there 
exists a sequence tj — )■ such that 

2t2-7i(t,),72(t,)' 
cost^ = lim 



Remark that (Y, p) as above has more additional property. See [TTj for the details. This 
important example above implies that even on a metric space with a lower Ricci curvature 
bound and good properties, in general, angles are not well-defined. 

In order to give the first main theorem of this paper, let (Moo,?7ioo) be a Gromov- 
Hausdorff limit space of a sequence of pointed complete n-dimensional Riemannian man- 
ifolds {(Mj, mj)}j<oo with RicAf. > —{n — 1). See [H El El E] for the wonderful structure 
theory of M^o developed by Cheeger-Colding. The following is the first main result of this 
paper: 

Theorem 1.2. Let p,q G M^o \ {"^00} with rrioo ^ CpUCq. Then the angle Zprriooq of 
prriooq is well-defined. In fact, we have that 

cos ZpmooQ' = lim ■ 



t^o 2^2 

for any minimal geodesies 7p from m^o to p and 7^ from moo to q, where Cp is the cut 
locus of p defined by Cp = {x G Moo; p, x + x, z > p, z for every z G Moo \ {x}}- 

Theorem 11.21 especially implies that 

(1) the angle between two minimal geodesies beginning at a; G Moo (even if a; is a 
singular point and even if Moo is a collapsing limit space) is always well-defined if 
these minimal geodesies can be extended to the direction of x. In fact, for {Y,p) 
as in Theorem II. H we can check that p & for every x G F \ {p} . 

(2) for every p,q & Moo, in the same way as Alexandrov spaces, the angle Zpxq is well 
defined for a.e. x G Mqo with respect to any limit measures (see |Tni Theorem 
3.2]). 

Therefore, roughly speaking, we can say that an answer of the question above for limit 
spaces of Riemannian manifolds with a lower Ricci curvature is ALMOST YES. See The- 
orem 14.31 for the proof of Theorem II. 2[ 

We will also discuss some Holder continuity of angles (Corollary 14. 5p and show that 
its Holder continuity of angles implies a Holder structure on Moo in some weak sense 
(Corollary SI]). 
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The second main result of this paper is the following: 
Theorem 1.3. Moo has a weakly second differentiable structure. 

See Definition 13.161 for the precise definition of a weakly second differentiable structure 
on metric (measure) spaces. Remark that this second differentiable structure is better 
than the Holder structure above in some sense. In fact, for instance, we can give a 
suitable definition of second differentiable functions on a space having a weakly second 
differentiable structure (Definition I3.20p and its fundamental properties. As an example, 
we will show that all eigenfunctions with respect to the Dirichlet problem on M^o are 
weakly second differentiable (Corollary I4.16p . 

On the other hand, it is known that the Riemannian metric of Moo is well-defined 
by Cheeger-Colding (see Section 4 in [2] and Section 7 in [7]). We will show that the 
Riemannian metric of Mqo is Lipschitz in some sense with respect to a weakly second 
differentiable structure as in Theorem 11.31 See Theorem 14.131 As corollaries, we will 
show that the Levi Chivita connection on M^o exists uniquely (Theorem I3.25p . and give 
the definition of the Hessian of a second differentiable function (Proposition I3.26P and 
their fundamental properties. 

For examples, let (Z, z) be a non-collapsing Gromov-Hausdorff limit of a sequence of 
pointed complete n-dimensional Einstein manifolds {(Mi,mj)}j with Ric^^^ = H{n — 1), 
where if is a fixed real number. Then in [5], it is shown that the regular set 7^ of Z is 
open and a smooth Riemannian manifold. We can see that the Levi Chivita connection 
given in this paper coincides that defined by the smooth structure of TZ. See Theorems 
El 11251 ma and [El Theorem 7.3]. 

Next, we shall give a remark about Theorem 11.31 For that, we shall recall a cerebrated 
work for (measurable) differentiable structure on metric measure spaces by Cheeger. In [2], 
Cheeger showed that a metric measure space satisfying Poincare inequality and doubling 
condition has a differentiable structure in some sense. For instance, we can also find very 
interesting examples of them in [291 El]- See also [25]. Remark that Moo with a limit 
measure is a typical example of them. It is important that we can discuss about first 
differentiability for functions on such metric measure spaces. In fact, it is shown that 
all Lipschitz functions on such spaces are differentiable at almost everywhere points in 
some sense, like classical Rademacher's theorem [37]. On the other hand, in general, it 
seems that it is not easy to give a suitable definition of a second differentiable structure 
on metric measure spaces. However, in several situations, e.g., Alexandrov spaces, we 
can consider such a second differentiable structure (see for instance [H [321 |33l |35l 136]). 
The notion of weakly second differentiable structure on metric measure spaces given in 
this paper gives such a framework including limit spaces of Riemannian manifolds with a 
lower Ricci curvature bound. 
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Finally, we introduce fundamental tools used in the proofs of Theorems 11.21 and 11.31 
In the proof of Theorem II. 2[ we will essentially use the proof of the splitting theorem [H 
Theorem 6.64] by Cheeger-Colding and several fundamental properties of the convergence 
of the differentials of Lipschitz functions with respect to the measured Gromov-Hausdorff 
topology given in [20] by the author. In the proof of Theorem 11.31 we will essentially 
use several fundamental properties of the convergence of spectral structures with respect 
to the measured Gromov-Hausdorff topology given in [28] by Kuwae-Shioya and also use 
several results given in [20] again. 

The organization of this paper is as follows: 

In Section 2, we will introduce several fundamental notions on metric measure spaces 
and on limit spaces of Riemannian manifolds needed subsequently. In Section 3, we will 
give the definition of a weakly second differentiable structure on metric measure spaces 
and its fundamental properties. In Section 4, we will give proofs of Theorems 11.21 and 11.31 

Acknowledgments. The author would like to express my appreciation to Professor 
Tobias Hoick Colding and Doctor Aaron Naber for helpful comments. He is grateful to 
Professor Kazuhiro Kuwae for giving valuable suggestions. He was supported by Grant- 
in-Aid for Research Activity Start-up 22840027 from JSPS. 

2. Preliminaries 

In this section, we will introduce several fundamental notions on metric measure spaces 
and on limit spaces of Riemannian manifolds needed subsequently. Let A be a metric 
space. For R > 0, x G X , denote Br{x) = G A; x, y < R} and Br{x) = G A; x, y < 
R}. 

2.1. Metric measure spaces. We say that A is proper if every bounded closed subset 
of A is compact. We say that A is a geodesic space if for every x,y E X, there exists a 
minimal geodesic 7 from x to y. Let t; be a Radon measure on A. In this paper, we say 
that {X,v) is a metric measure space if A is a proper geodesic space and if v{Br{x)) > 
for every x G A and every r > 0. We shall recall the notion of rectifiability for metric 
measure spaces defined by Cheeger-Colding in [7]: 

Definition 2.1. Let {X,v) be a metric measure space. We say that A is weakly v- 
rectifiable if there exist a positive integer m, collections of Borel subsets {C-}i<i<m,ieN 
of A, and of bi-Lipschitz embedding maps {0- : C- — )■ R'}i,i such that the following 
properties (1) and (2) hold: 

(1) v{X\[J,^Ci) = 

(2) V is Ahlfors Z-regular at every x G Cl, i.e., there exist C > 1 and r > such that 
C-i < v{Bt{x))/t^ < C for every < t < r. 
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Moreover we say that X is v-rectifiable if the following condition holds: For every k, every 
X G UieN ^k,i and every < 6 < 1, there exists i such that x G Ck^i and that a map is 
(1 ± (5)-bi-Lipschitz to the image (/)-(C-). 

See [71 Definition 5.3] and the condition in) of page 60 in [7] (remark that in [7j, X is 
said to be i;-rectifiable if the conditions (1) and (2) above hold). In this paper, we say 
that a family {(C*', as in Definition 12.11 is a (weakly) rectifiable coordinate patches 

of {X,v) if X is (weakly) t;-rectifiable. See also [25]. It is important that the cotangent 
bundle on a rectifiable metric measure space exists in some sense. We shall give several 
fundamental properties of the cotangent bundle: 

Theorem 2.2 (Cheeger, Cheeger-Colding) . Let {X,v) be a rectifiable metric measure 
space. Then, there exist a topological space T*X and a Borel map tc : T*X — )■ X such 
that the following properties hold: 

(1) v{X\tt{T*X)) = 0. 

(2) 7r^^(w)(= T^X) is a finite dimensional real vector space with canonical inner 
product (■, ■)w for every w G tt(T*X). 

(3) For every Lipschitz function f on X , there exist a Borel subset V of X , and a 
Borel map df (called the differential of f) from V to T*X such that v{X \V) = 
and that vr o df{w) = w, \df\{w) = Lip/(w) = Lipf{w) for every w & V , 
where \v\{w) = ^J{v,v)^, Lip/(a;) = limr^o(supj^gB^(^)y{^.|(|/(x) - f{y)\/x/y)) 
and Lipf{x) = liminf^^o(supj^G9iJ.(x)(l/ W - f{y)\/x;y)). 

See Section 4 in ^ and Section 7 in [7] for these details. Denote T*A = 7r^^(A) for 
every subset A of X. 

Finally, we recall the definition of Gromov-Hausdorff convergence. Let {(Xj, Xj)}i<j<oo 
be a sequence of pointed proper geodesic spaces. We say that (Xj,Xj) Gromov-Hausdorff 
converges to {X^o, Xoo) if there exist sequences of positive numbers ei — )• 0, i?j — i- oo and of 
maps : BnXxi) B^X^^) such that |x7y - 0i(a;), 0i(?/)| < for every x, y G Br^Xi), 
BrXxoo) C 5,^(Image(0i)) and (piixi) x^. We denote it by (Xj,Xi) {X^^x^o) for 
the sake of simplicity. Moreover, for a sequence {vi}i<i<oo of Borel measures vi on X,, we 
say that Voo is the limit measure of {vi}i if Vi{Br{yi)) — )■ 'Uoo(-Br(l/oo)) for every r > and 
every sequence {yi}i of points yi G Xj with (pi{yi) — )■ yoo (denote it by yi — )■ yoo)- Then 
denote it by {Xi,Xi,Vi) — )■ (Xoo, Xoo, "Uoo) for the sake of simplicity. 

2.2. Limit spaces of Riemannian manifolds with a lower Ricci curvature bound. 

Let n E N, K E H and (Moo,moo) be a pointed proper geodesic space. We say that 
(Moo, moo) is an {n, K)-Ricci limit space (of {(Mj,mj)}jj if there exist sequences of 
real numbers Ki ^ K and of pointed complete n-dimensional Riemannian manifolds 
{(Mj, mi)}i with RicMi — Ki{n — 1) such that (Mj, rrii) — )■ (Moo, moo). We call an (ra, — 1)- 
Ricci limit space a Ricci limit space for the sake of simplicity. Moreover we say that 
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a Radon measure v on is the limit measure of {(Mj,mj)}j if v is the hmit mea- 
sure of {vol/vol i?i(mj)}j. Then we say that {Moo,moo,v) is the Ricci hmit space of 
{{Mi, rrii, vol/vol 5i(mj))}i. 

Assume that (Moo, fnoo, v) is the Ricci hmit space of {{Mi, rrii, vol/vol Bi{mi))}i below. 
Then it is known that Sobolev spaces Hi^p are well-defined for every 1 < p < oo and that 
for every / G Hip, the differential df{x) G T*Moo is well-defined for a.e. x. See [2] for 
the detail. 

We shall introduce two results about rectifiablity for {Moo,v): 

Theorem 2.3 (Rectifiablity by distance functions. [20j). There exists a rectifiable coor- 
dinate patches {(C', 0-)}i<K„,j<oo of {Moo, v) such that every is the distance function 
from a point in Moo, where 0' = (0- ^ . . . , 0- 

Theorem 2.4 (Rectifiablity by harmonic functions. [7J). There exists a rectifiable 
coordinate patches {(C*', 0i)}/,i of {Moo,v) such that the following property holds: There 
exists a subsequence {k{j)}j C N such that for every I, i, there exist Xoo G Moo, ^ > with 
C\ C Br{xoo), a sequence {xk{j)}j of Xk(j) G Mfc(j) with Xk{j) Xoo, a sequence {fk{j),s}j,s 
of harmonic functions fk{j),s on Br{xk(j)) such that sup^- Lip/fe(j),s < oo, fk{j),s 0',^ 
Cj- as j oo for every s, where Lip/ is the Lipschitz constant of f . 

See below for the definition of fi — )■ /oo with respect to the Gromov-Hausdorff topology. 
In Section 4, roughly speaking, we will show that 

(1) a rectifiable coordinate patches as in Theorem 12.31 implies a Holder structure of 
Moo in some weak sense, 

(2) a rectifiable coordinate patches as in Theorem 12.41 implies a second differentiable 
structure of Moo in some weak sense. 

See Corollary 14.61 and Theorem 14.131 for these precise statements. 

Finally, we introduce the definition of a convergence of the differentials of Lipschitz 
functions with respect to the measured Gromov-Hausdorff topology given in [20]. Fix 
i? > 0, L > 1 and a sequence {fi}i of L-Lipschitz functions fi on Bji{mi). We say that fi 
converges to foo at Xoo if fi{xi) — fQo{xoo) for every Xi — )■ Xoo (denote it by fi — )■ /oo at 
Xoo)- Recall that the differential df oo of foo is well-defined for G Bji{moo)- In this 

setting, we can give a definition of that dfi converges to df oo at given Xoo € Bji{moo)- 

Definition 2.5. ^ Definition 1.1 or 4.4] We say that dfi converges to dfoo at Xoo if 
for every e > and every 2;j — )■ Zoo, there exists r > such that 

< e 



vol B(r) I ~ v(Bir )^ / ^dr,^,df^)dv 

vol I^t[Xi) JBt{xi) V[^t[Xc^)) JBtixoo) 

limsup— j-^— — / \dfi\^dvol < —-^ — -/ \dfoo\'^dv + e 

i^oo VO\ Bt{x^} J BtixA v{Bt{x oo)) J BAx^) 
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for every < t < r and every Xi — > Xoo, where is the distance function from z. 

We shall use the notation: {fi,dfi) — )■ (/oo,c(foo) at Xoo if fi — )■ foo and dfi — )■ df oo at 
Xoo- We end this subsection by giving three fundamental properties of this convergence 
used essentially in Section 4: 

(1) If Xi Xoo{xi e Mi), then {r^^,dr^^) -> (r^^,(ir^^) on Moo- 

(2) Assume that fi is a C^-function for every 2 < oo, /j — )■ /oo on Bji{moo) and that 



Then we have that dfi — )■ rf/oo on Bji{m^). 
(3) Let A; G N, {/j- , 5'i}i<j<oo,i<«<A: be a collection of Lipschitz functions fl,g\ on 
BR{mi) with sup;j(Lip/j- + Lip^f') < cxd, and {-Fj}i<j<oo C C''(R^). Assume 
that the following properties hold: 

(a) Fi converges to with respect to the compact uniformly topology on R'^. 

(b) dfi — > dfl^ and dg\ — )■ dg^^ at a.e. a G BR^nioo) for every 1 < / < /c. 
Then we have 



See [20] for more fundamental properties of this convergence: dfi — )■ dfoo- 

3. Weak Holder continuity and weak Lipschitz continuity 

In this section, we will give several new notions for metric measure spaces and their 
fundamental properties. Remark that their properties are proved elementally, however, 
with the theory of convergence of Riemannian manifolds, they perform crucial roles to 
study Ricci limit spaces in Section 4. 

We start this section by giving the following definition: 

Definition 3.1. Let A he a Borel subset of a metric measure space (X, v),Y a metric 
space, / a Borel map from A to Y, and < a < L We say that 

(1) / is weakly a-Holder continuous on A if there exists a countable family {Ai}i of 
Borel subsets Ai of A such that v{A \ IJi^j) = and that every f\A, is a-Holder 
continuous, 

(2) / is weakly Lipschitz on A if f is weakly 1-Holder continuous on A. 

Remark 3.2. Let M be a n-dimensional Riemannian manifold, / a function on M 
and A a Borel subset of M. Assume that / is differentiable at every x E A. Then it is 
easy to check that / is weakly Lipschitz on A with respect to the Riemannian measure. 
Especially the following conditions are equivalent: 






8 



SHOUHEI HONDA 



(1) / is differentiable at a.e. x E A. 

(2) / is weakly Lipschitz on A. 

3.1. Weakly second differentiable functions on a Borel subset of R''. Let A be 

a Borel subset of R'^, / a Lipschitz function on A and y G Leb A, where Leb A = {a G 
A;\imr^o H^{AnBr{a))/ H''{Br{a)) = 1}. Then we say that / is differentiable at y if there 
exists a Lipschitz function / on R*^ such that /|a = / and that / is differentiable at y. Re- 
mark that if / is differentiable at y, then a vector {df /dxi{y), . . . , df/dxn{y)) does not de- 
pend on the choice of such /. Denote the vector by J(/) (y) = {df / dxi (y), . . . ,df / dxn (y) ) • 
Let F — {fi, . . . , fm) be a Lipschitz map from A to R"*. We say that F is differentiable at 
y if every /j is differentiable at y. Remark that by Rademacher's theorem, F is differen- 
tiable at X for a.e. x E A. Denote the Jacobi matrix of F at x by J{F){x) — {dfi/dxj{x))ij 
if F is differentiable at x. 

Definition 3.3. Let co = Ylin<-<ij, fh,-,ipdxi^ A ••• A dxi^ be a p-ioim. on A and 
< a < L We say that 

(1) a; is a Borel p-form on A if every /ii,...,jp is a Borel function, 

(2) u is weakly a-Holder continuous on A if every fi^^,,,^ip is weakly ct-Holder continuous 
on A, 

(3) oj is weakly Lipschitz on A if every fi^^...^i^ is weakly Lipschitz on A. 

For two Borel p-forms {uji\i=i^2 on A, we say that uji is equivalent to UJ2 if cc;i(a;) = uJ2{x) 
for a.e. x E A. Denote the equivalent class of cu by [u], the set of equivalent classes by 
rBor(A^^*^)? ^he set of equivalent classes represented by a weakly a-Holder continuous 
p-form by r„(/\^T*A). We often use the notation u = [u] for the sake of simplicity. 

Let cj be a weakly Lipschitz p-form on A. Define a Borel (p+ l)-form du on A by du — 
En<...<ip(«9/^,...,iyc',Ti)dx; A dxi^ A ■ ■ ■ A dx,^, where u = 'Zn<■■■<^^ fL-./i/^n A ■ ■ ■ A dx^^. 
Remark that if Ui is equivalent to UJ2., then dooi is equivalent to duj2- Therefore d is 
well-defined as a linear map from Vi{f\^T*A) to rBor(A^^^ T*A). 

Lemma 3.4. Let F be a Lipschitz function on R^. Then, there exists a sequence {Fi\i C 
C°°(R'=) such that Fi ^ F in L°°(R'=) and that J{Fi){x) J{F){x) for a.e. x G R^ 

Proof. Let p be a non-negative valued smooth function on R'^ with suppp C -Bi(Ofc) 
and 



where H'^ is the /c-dimensional Hausdorff measure. For every e > 0, define smooth func- 
tions and on R'^ by Pe{x) — e~^p{x/e) and 





RICCI CURVATURE 
Let L > 1 with sup p + LipF < L. For every x e R*', we have 



\F,{x) - F{x)\ < [ p,{x - y)\F{y) - F{x)\dH^ 

- / p,{x-y)\F{y)-F{x)\dH'' 

<Le [ peix - y)dH^ 

^Le I p,{y)dH''"^\. 

Therefore we have the first assertion. On the other hand, for every a; e R*^ and every 
/i e R, by dominated convergence theorem, we have 



F,{x + hei)- F,{x) 
h 



Pe{y) 



F{x + hei - y) - F{x -y)\ 



h 



Pe{y) 



F{x + hci — y) — F{x — y) 
h 



dH'' 



r OF 
/ Pe{y)^{x - y)dH 

= / Pe{x-y)—{y)dH'' 



By Lusin's theorem, for every 5 > and every i? > 0, there exists a Borel subset Af of 
-Bi?(Ofc) such that H^{BR{^k) \ Af) < 5 and that J(F)|^fl is continuous. Thus, for every 
X e hehAf, we have 



OF, 



OF 



< / Pe{x-y) 
= / Pe{x-y) 

JB,{x) 

= / Pe{x-y) 

JBJx)nAf 



dF dF 



OF OF 

dxi dxi 



dF dF 



dH^ 
dH^ 
dH^ 



+ 



Bc{x)\Af 



Pe{x - y) 



dF dF 



dH'' 



< sup \J{F){y) - J{F){x)\ + 2Le-^H\B,{x) \ Af) 

yeBe{x)nAf 



Since 5 and R are arbitrary, we have the second assertion. 



□ 
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Let G = {Gi, . . . ,Gk) be a bi-Lipschitz embedding from A to R'^'. For every u G 
rBor(A''^*G'(A)), define G*u G T^UA''T*A) by G*uj = ^ /.„...,,oG (5G,,/ax,J ■ ■ • idG,Jdxj^)dx,,A 
■ ■ ■ A dxj^, where u = fii,...,ipdxi^ A ■ • • A dxi^. Remark that if J{G) is weakly Lipschitz 
on A, then G*uj G ri(A''TM) for every 00 G ri(A''T*G'(A)). 

Proposition 3.5. Let u = ^ fi^,...,ij,dxi^ A ■ ■ ■ A dxi^ e Ti{/\^ T*G{A)). Assume that 
J{G) is weakly Lipschitz on A. Then we have that d{G*u) = G*{duj) G rBor(A'"^^ ^*^)- 

Proof. Without loss of generality, we can assume that G and every fii,...,ip are Lips- 
chitz on A. By Lemma [3.4[ there exist sequences of smooth maps {G^}j from R'^ to R'^, 
and of smooth functions {//^ on R'^ such that the following properties hold: 

(1) G^ ^ G and /^,.,.,^ ^ in L^{A). 

(2) J{G^)ix) ^ J(G)(x) and J(/^,...,,^)(x) ^ J(/.„...,iJ(x) for a.e. x e A. 
Since 

^ {iOr (J2 fL../^n A ■ ■ ■ A (x) = (G^r (E fL../^n A ■ ■ ■ A rfx,^)) (x) 

for every x G R'^ and every j, by letting j — i- 00, we have the assertion. □ 

Remark that in the same way as Definition 13.31 we can give definitions of Borel vector 
(tensor) field on A, of its equivalence, of its weak a-Holder continuity, and so on. Denote 
the set of equivalent classes of Borel vector fields by rBor(^^) and the set of equivalent 
classes represented by a weakly Lipschitz vector field by Ti(TA). 

For every weakly Lipschitz function f on A and every X G T-BoviTA), define a Borel 
function X{f) on A by X{f) = J2 ^i^f /dxi, where X = J^^i^/dxi. For every X G 
rBor(TA), define G,X G TBor{TG{A)) by G^X = YX{Gi)d/dxi. For every X,Y e 
T,{TA), define [X,Y] G Tj^^TA) by 

where X = ^ Xid/dxi, Y = J2 Yid/dxi. 

Proposition 3.6. Let X,Y e ri(Ty4). Assume that J{G) is weakly Lipschitz on A. 
Then we have that [G^X.G^Y] = G,[X,Y] G TBor{TG{A)). 

Proof. By an argument similar to the proof of Proposition 13.51 □ 

Definition 3.7 (Weakly second differentiable function). Let / be a Borel function on 
A. We say that / is weakly second differentiable on A if f is weakly Lipschitz function 
on A and df G Ti{T*A){= Ti{/\^ T*A)). 

Remark that the following is not trivial. 



Proposition 3.8. Let f be a weakly second differentiable function on A. Then we have 
that d{df) = G rBor(A^^*^)- 



RICCI CURVATURE 



11 



Proof. Let A = {x e LehA;df/dxi{x) = ■■■ = df/dxk{x) = 0}. Remark that 
d{d{f\^)) = 0. On the other hand, by [201 Theorem 3.4], there exists a countable collection 
{^r}i<i<fc,meN of Borel subsets of A\A such that H'' (^{A \A)\ [J.^^ A™) = and that 
every map = (/, Xi, . . . , Xj+i, . . . , Xk) is a bi-Lipschitz embedding from to R'^. 
By the assumption, we have that every {df, dxj) is weakly Lipschitz on A. Therefore we 
have that "^(("^D"^) weakly Lipschitz on A^ and respectively. 

Since = df and d{dxi) = 0, the assertion follows directly from Proposition 

1331 □ 

Let / be a weakly second differentiable function on A. Put 



dxidxj dxi \dxj 
Remark that Proposition 13.81 implies 

dxidxj dxjdxi 

for a.e. x & A. 

For w = J2 fii,---,ip^^h A ■■■ A (ixjp G ri(/\^T*y4), we say that w zs weakly second 
differentiable on A if every fi^,...^ip is weakly second differentiable on A. Similarly, we can 
give definitions of weak second differentiability for a vector (tensor) field on A, for a map 
from A to R"*, and so on. The following is a direct consequence of Proposition 13.81 

Corollary 3.9. Let u be a weakly second differentiable p-form on A. Then we have 
that d{duj) = e rBor(A''^^ T*A). 

3.2. Riemannian metric on a Bore subset of R'^. Let A be a Borel subset of R'^. In 
this subsection, we will study Riemannian metric on A in the following sense: 

Definition 3.10 (Riemannian metric). Let g = {ga}aeA be a family of inner products 
Qa on TqR'^. We say that 

(1) g is a Borel Riemannnian metric on A if every gij{a) = ga{d/dxi, d/dxj) is a Borel 
function on A, 

(2) g is a weakly a-Holder continuous Riemannnian metric on A if every gij is a weakly 
a-Holder continuous function on A, 

(3) g is a weakly Lipschitz Riemannnian metric on A if every gij is a weakly Lipschitz 
function on A. 

Remark that a Borel Riemannian metric on A is weakly a-Holder continuous if and 
only if (? € ra{T*A (g) T*A). For two Borel Riemannian metrics g,g on A, we say that g 
is equivalent to g if g^j is equivalent to gij. Denote the set of equivalent classes of Borel 
Riemannian metrics by RiemBor(^)(c rBor(^*^®^*^)) and the set of equivalent classes 
represented by a weakly a-Holder continuous Riemannian metric by RiemQ,(A). 
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For a weakly Lipschitz function f on A, g & RieniBorl^), ^ = ^ rBor(^^) 

and u = J2^idxi G rBor(T*A), define X* e T^or{T*A), u* G TBor{TA) and V^/ G 
rBor(TA) by X* = j:g,,X,dXj, cu* = g'^cu,d/dx, and V^/ = (rf/)*, where = 

Proposition 3.11 (Levi Chivita connection). Let g G Riemi(y4). Then there exists 
the Levi Chivita connection on A uniquely in the following sense: 

(1) V^' IS a map from VboATA) x Vi{TA) to VboATA) (denote V^F = V^{X,Y)). 

(2) V^(r + Z) = V^r + V^Z for every X G T^oriTA) and every Y,Z e TiiTA). 

(3) V^x+hvZ = /V^Z + hV^yZ for every X,Y e TBoviTA), every Z G Ti{TA) and 
every Borel functions f, h on A. 

(4) V^(/y) = X{f)Y + fV^^Y for every X G TBor{TA), every Y G Ti{TA) and 
every weakly Lipschitz function f on A. 

(5) V^F - Vf.X = [X, Y] for every X,Y e Ti{TA). 

(6) Xg{Y,Z) = g{y\Y,Z) + ^(F, V^Z) for every X G rBor(TA) and every Y,Z e 
Ti{TA). 



Proof. Let 



and 



where X = ^ Xid/dxi and F = ^ Yid/dxi. It is easy to check that the properties above 
hold for this V^. Therefore we have the existence. 

Next, we shall check the uniqueness. Let and be Levi Chivita connections on 
A. Fix X = Y.Xid/dxi G Vi{TA),Y = Y.yid/dxi G Ti{TA). Since 

2g{V^Y,Z)=Xg{Y,Z) + Yg{Z,X)-Zg{X,Y)+g{\X,Y],Z)-g{\Y,Z],X)+g{\Z,XlY) 

for every Z G Ti{TA) and every / = 1, 2, we have that g{V\Y — V^^F, Z) = for every 
Z G Ti(TA). Put V^F — V^y = X] hid/dxi. By Lusin's theorem, there exists a sequence 
of compact subsets {Aj}j of A such that H^{A \ Aj) — )■ as j — )■ 00 and that hi\Aj is 
continuous for every i, j. Now we remark the following elementary lemma: 

Claim 3.12. Let K he a hounded Borel suhset of H'' , h a continuous function on K 
and e > 0. Then there exist a Borel suhset of K and a Lipschitz function on R'^ 
such that \h{x) — h^{x)\ < e for every x & and that H^{K \ K^) < e. 

The proof is as follows. For every x G Leb-ft^, there exists r^; > such that H^{Br{x) fl 
K)/H^{Br{x)) > 1 — e for every < r < r^, and that \h{x) — h{y)\ < e for every 
y E K r\ Bj.^{x). By standard covering lemma (see for instance Chapter 1 in [41] ) , 
there exists a countable pairwise disjoint collection {BrXxi)}i such that Xi G LehK, 
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ri < r^Jh and that hehK \ [j^^iBrXxi) C Ui^Ar+i ^5n(a;i) for every A^. Fix with 
HT=N+iH^iBrXxi)) < Then we have {heh K \\J^^^BrXxS) < e- Define a 

Lipschitz function / on Br^Xi) by flsr^ix,) = K^i)- Let = K n |J^i Br^Xi) and 

be a Lipschitz function on R'^ with h^l^^ = /• Then we have that \h^{x) — h{x)\ < e 
for every x E K^. Thus we have Claim [3?T2l 

Therefore, there exist collections of Borel subsets {Aj^k}k of Aj, and of Lipschitz func- 
tions {hij^k}i,j,k on R'^ such that H''{Aj\Aj^k) < 2"*^ and that \hi{x) — hij^k{x)\ < 2^'^ for 
every x G Aj^k- Let Aj = n^=i Ufc=m^i,fc- Then since g{J2i Kd/dxi, Y,i Kj,kd/dxi) = 
on Aj^k, we have that hi{x) = on Aj. Since H''{Aj \ Aj) = 0, we have V^F = V^F. 
Therefore for every X = J^^id/dxi G TBoriTA), we have that V^F = E-^»V^/g^T = 
J2 -^i^d/dxi^ ~ Thus we have the uniqueness. □ 

Let G be a bi-Lipschitz embedding from A to R'^ and g G Riemi(y4). Assume that G 
is weakly second differentiable on A, i.e. J{G) is weakly Lipschitz on A. Remark that 
J{G^^) is weakly Lipschitz on G{A) and that a Riemannian metric G^^g on G{A) defined 
by G^g{d/dxi, d/dxj) = g{{G^^)^{d/dxi), {G^^)^:{d / dxj)) is weakly Lipschitz Riemannian 
metric on G{A). 

Corollary 3.13. With notation as above, we have that G*(V^F) = V^'^G^F for 
every X G TBoriTA) and every Y G TiiTA). 

Proof. It is easy to check that if we define a map T from TBoriTG{A)) x Ti{TG{A)) 
to TBor{TG{A)) by T{X,Y) = a(Vje_i)^^(G'-i),F), then the properties of the Levi 
Chivita connection of G^:g hold for T. Thus the assertion follows from the uniqueness of 
the Levi Chivita connection. □ 

Definition 3.14. Let / be a weakly second differentiable function on A, cu e Ti{T*A) 
and X G Ti{TA). Define 

(1) a Borel tensor field V^u G rBor(T*A ® T*A) of type (0, 2) on A by 

(2) t/ie Hessian Hessj o/ / by Hess^ = V^df, 

(3) i/ie divergence div^ X o/ X by 

div^X = trace of V^X* = ^^9 ( TT" ) ' 

V d^i OXi J 

(4) the Laplacian f off by A^/ = -div» V^^/. 

We end this subsection by giving several properties of them: 

Corollary 3.15. With the same notation as in Definition \3.14\ '"'^ have the following: 
(1) V^u = G*{V^*9{G-^yu). 
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(2) Hess^ = G*(Hess^;^_i). 

(3) divf XoG~^ = div^'S G^X 

(4) Hess J (x) is symmetric for a.e. x & A. 

(5) div^ (/i(V^/)) = —hA^f + gCV^f, V^h) for every weakly second difjerentiable func- 
tion h on A. 

(6) A^{fh) = hA^f — 2g(V^ fyV^h) + fA^h for every weakly second difjerentiable 
function h on A. 

Proof. The assertions of (1), (2) and (3) follow directly from Corollary 13.131 Since 

the assertion (4) follows from Proposition 13.81 On the other hand, by easy calculations, 
we have the assertions of (5) and (6). □ 

3.3. Weakly second differentiable structure on weakly rectifiable metric mea- 
sure spaces. In this subsection, we will discuss some weakly second differentiability on 
weakly rectifiable metric measure spaces. 

Definition 3.16 (Weakly second differentiable structure). Let {X,v) be a metric mea- 
sure space and < a < 1. We say that 

(1) {X,v) has a weakly a-Holder difjerentiable structure if there exists a weakly rec- 
tifiable coordinate patches {(C*', of {X,v) such that every bi-Lipschitz map 
^ij ^ ^^j ° from (/>-(C- n Cj) to 0j(C- fl Cj) is weakly a-Holder continuous, 

(2) {X, v) has a weakly second differentiable structure if (X, v) has a weakly 1-Holder 
differentiable structure. 

Definition 3.17. Let < d < a < 1, {X,v) be a metric measure space having a 
weakly a-Holder differentiable structure with respect to {(C', a Borel subset A of 

X and u = a family of Borel p-form on 4>\{Cl fl A). We say that 

(1) w is a Borel p-form on A if = on 0-(C- fl fl A) for every i, l,j with 

v{Cl nc]nA)>o. 

(2) w is a weakly a-Holder continuous p-form on A if w is a Borel p-form on A, and 

uleTM'T*<l>[iClnA)), 

Denote w|c!nA = '^i- 

Remark that u can be identified a Borel section from A to a L°°-vector bundle /\^ T*X 
on X. See Section 4 in [3] or Section 7 in [7] for the detail. Remark that in the same way 
as Definition I3.17[ we can give definitions of Borel vector (tensor) field on A, its Holder 
continuity, its equivalence and so on. For instance, denote the set of equivalent classes of 
Borel sections s : A ^ T*X ® T*X by rBor(T*A ® T*A). Similarly, define rBor(T*A), 
Tbot{M'T*A), and so on. 
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Assume that (X, v) has a weakly second differentiable structure with respect to {(C- , 
Let y4 be a Borel subset of X. As in the previous section, denote the set of equiva- 
lent classes of Borel vector fields on A represented by a weakly Lipschitz vector field 
on A by Ti{TA,{{Cl(j)[)}i,i). Similarly define Ti{T*A ® T*A,{{Ci,(f)^i}}u) and so on. 
We often use the notations: Tii/X^rA) = ri(A^T*A, {(C^, Ti{T*A^T*A) = 

Ti{T*A (g) T*A, {{Cl and so on, for the sake of simplicity. 

Proposition 3.18. Let u e ri{/\^T*A). Then there exists du e rBor(A^^^ ^*^) 
uniquely such that rfwl^ip^ = d{co\^i(^Qif^j^^^) . 

Proof. This is a direct consequence of Proposition 13. 5[ □ 

Proposition 3.19. Let V,W e Ti{TA). Then there exists [V, W] G TBoriTA) uniquely 
such that [V,W]\clr^A = ['^c^^nA, W^c.'n^] ■ 

Proof. This is a direct consequence of Proposition 13. 6[ □ 

Definition 3.20 (Weakly second differentiable function). We say that a Borel function 
/ on y4 is weakly second differentiable on A with respect to {{C\, (t)\)}i,i if every / o {(t)\)~^ 
is weakly second differentiable on (t)\{C\ fl A). 

The following is a direct consequence of Proposition 13.81 

Corollary 3.21. Let f he a weakly second differentiable function on A with respect 
to {(C,?,0^)}i,i. Then we have that d{df ) = G rBor(A^^*^)- 

We say that g G rBov{T*A^T*A) is a Borel Riemannian metric on A if g is symmetric 
and positive definite. For a Borel Riemannian metric g on A, a weakly Lipschitz function 
f on A, X E rBor(^^) and u G Tbot(T*A), in the same way as in the previous subsection, 
define X* G TBoriT*A), u* G TBoriTA) and V^/ G TBoriTA). 

Remark 3.22. We can not discuss a second differentiability for vector field (or p(> 1)- 
form) on X in the same way as above. 

3.4. Weakly Lipschitz Riemannian metric on weakly rectifiable metric measure 
spaces. In this subsection, we will study Riemannian metric on weakly rectifiable metric 
measure spaces. Let (X, v) be a weakly rectifiable metric measure space with respect to 
{(C-, and g = {g^i}i,i G TBoriT*X (g) T*X) a Borel Riemannian metric on X. 

Definition 3.23 (Weakly Lipschitz Riemannian metric on weakly rectifiable metric 
measure spaces) . We say that 

(1) g is a weakly a-Holder Riemannian metric on X with respect to {(C*', 0i)}i,i if 
gi G RiemMiCi)), 

(2) g is a weakly Lipschitz Riemannian metric on X with respect to {(C*', 0i)}«,i if 
gieRiemMiCD). 
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Proposition 3.24. Let < a < 1. Assume that g is a weakly a-Holder Riemann- 
ian metric on X with respect to {(C*', Then we have that {X,v) has a weakly 

a-Holder dijferentiable structure with respect to {(C*', and that g G Ta(T*X 

T*X,{(Ci,0O}M)- 

Proof. Since gl is weakly a-Holder continuous, by easy calculation, we have that 
every map is weakly a-Holder continuous on 0'(C' fl Cj). Therefore we have the 

assertion. □ 

Assume that g is a. weakly Lipschitz Riemannian metric on X with respect to {(C-, 
The following is a direct consequence of Proposition 13.111 and Corollary 13.131 

Theorem 3.25 (Levi Chivita connection). There exists the Levi Chivita connection 
on X uniquely in the following sense: 

(1) V3 zs a map from rBor(TX) x ri(TX) to rBor(TX). 

(2) Vfj{V + W) = VfjV + VfjW for every U G TBor{TX) and every V,W e Ti{TX). 

(3) Vju+hvV^ = fK^^ + hV'yW for every U,V e rBor(TX), every W G ri(TX) 
and every Borel functions f,h on X. 

(4) WfjU'V) = U{f)V + fVfjV for every U G rBor(TX), every V G Ti{TX) and 
every weakly Lipschitz function f on X . 

(5) VfjV - V^yU = [U, V] for every U,V e Ti{TX). 

(6) Ug{V, W) = g{VfjV, W) + g{V, VfjW) for every U G rBor(TX) and every V,W e 
TiiTX). 

The following is a direct consequence of Corollary 13.151 

Proposition 3.26. Let A be a Borel subset of X , f a weakly second differentiable 
function on A, u E ri(T*y4) and Y G ri(Ty4). Then there exist uniquely 

(1) V^w G rBor(T*A ® T*A) satisfying that V^^wlc^nA = ^^'(^Ic'^nA), 

(2) the Hessian Hess^ G TBoriT*A (g) T*A) satisfying that Hessjl^ipiyi = Hess^^^,, 

(3) a Borel function div^ Y ( called the divergence ofY) on A satisfying that div^ Y{x) = 
div^' {Y\ciM{x)) for a.e. x G <P\iAnCl), 

(4) a Borel function A^f on A satisfying that A^f{x) = A^^(/o for a.e. 

xe(l>KAnCi). 

Moreover we have the following: 

(a) Hess J (x) is symmetric for a.e. x E A. 

(b) div^ (hCV^f)) = —hA^f + gCV^f, V^/i) for every weakly second differentiable func- 
tion h on A. 

(c) A^{fh) = HA^f — 2(7(V^/, V^/i) + fA^h for every weakly second differentiable 
function h on A. 
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Finally we end this subsection by giving the definition of the Rimannian metric on a 
rectifiable metric measure space: Let {X, v) be a rectifiable metric measure space with 
respect to {C*', and {(-, ■)w}w the canonical family of inner products (■, ■)w on T*X 

as in Theorem O Define g = {gl}i^i e rBor(T*X ® T*X) by {glY^ = {d^\ ,, #^ 4), where 
% = (0' 1, ... , (t)\ fc), and call g = {gl}i^i G rBor(^*-^ ® T*X) the Riemannian metric of 
{X,v) with respect to {C\,(j)\}i^i. 

Remark 3.27. In [21 [7], the family {(■, ■)w}w is said to be the Riemannian metric of 
{X,v). 

4. RiCCI LIMIT SPACES 

In this section, we will give proofs of Theorem 11.21 and 11.31 Let (Moo,moo) be a Ricci 
limit space. Remark that all two limit measures Vi^V2 on M^o are mutually absolutely 
continuous. See [TJ Theorem 4.17]. Therefore, for instance, remark that the notion of 
weak Holder continuity for functions on Moo does not depend on the choice of the limit 
measures. 

4.1. Angles, its weak Holder continuity and bi-Lipschitz embedding. In this 
subsection, we will give a proof of Theorem 11.21 and discuss weak Holder continuity of 
angles. 

Proposition 4.1. For every e > 0, there exists 5 = S{e,n) > such that the following 
property holds: Let M be an n- dimensional complete Riemannian manifold with RIcm > 
—e^in — 1), and m,pi,p2, qi, q2 G M. Assume that Pi, m > e^^, qi, m > and m,pi + 
m, qi — Pi, qi < 6 for i = 1,2. Then we have that 



1 



{drp^,drp^) . n f \ I {drp^,drp^)dvo\ 



dvo\ < C{n)e 



a(n) 



vol5i(m) 

where < a{n) < 1 and C{n) > 1 are constants depending only on n. 

Proof. By the proof of [H Lemmas 6.15, 6.25 and Proposition 6.60], there exists 
6 = S{e,n) > such that the following property holds: Let M,m,pi,p2,qi,q2 be as 
above. Then for every i = 1, 2, there exists a harmonic function bj on BiQQ{m,) such that 
\rp, -hilioo^Bwoim)) < Ci(n)e"i(") and 

-j^j— [ {\drp^ - dh,\' + |HesSb,n ^^^1 < ^2(^)5^ 
Yo\ Bi{m) J 

Therefore, by Poincare inequality of type (1, 2) on M, we have 



02(11) 



vol5i(m) 



[ {dhi,dh2) — r / {dhi.dh2)dvo\ 

JBrim) V0l5i(m) 



dvol 



<C{n)J \ / (|HesSbJ2+|HesSb,P)rfvol<C3(n)e"^('^). 
V vol5i(m) 
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Thus we have the assertion. □ 

For every p G Moo and every r > 0, put = {z E M^o] There exists w G M^o with 
Tu^ > T and jT^ + Y/w = pT^^-}- Remark Cp = Mqo \ IJt>o -^p- 

Corollary 4.2. Let v be a limit measure on M^o, (3 > 0, t > 0, p,q E M^o and 
X eVinVl\ (Bfsip) U B/s{q)). Then we have that 

a{n) 



1 



v{Brix)) Jb,(^^) 



{dvp, dvq) , . / {dvp, drq)dv 



v{Br{x)) Jb, 



dv < C{n) max {r,—,— 
p r 



for every < r < min{/3, r}. 



Proof. Let {(Mj,mj)}j be a sequence of pointed n-dimensional complete Riemannian 
manifolds with RIca/. > — (n — 1) such that (Mj, mj, vol/vol -Bi(mj)) — )■ {Moo,moo,v). Fix 
sequences Pi, qi, Xi G Mj with pi ^ p,qi ^ q and Xi — > x. By rescaling r'^dM^, it follows 
from Proposition 14.11 that 

«(n) 



1 



1 



(drp^^dr^^) , „ . . / {drp^.drq^)dvo\ 



vo\Br{xi) Jb 



d\o\ < C(n) max < r, — , 

/3 T 



for every sufficiently large i. Since dvp. — )■ dr^, dr^. — )■ dvg and (ira.. — )■ (irj. on (see 
[20| Proposition 4.8]), by letting i — )■ oo, we have the assertion. □ 



Let t; be a limit measure on M^o and p,q,x E M^o with x G M^o \ {Cp U Cg U {p} U {q})- 
It follows directly from Corollary 14.21 that the limit 



lim /p\ XX / {drp,drg)dv 

r^Ov{Br{x)) JbAx) 



r{x) 

exists. Define the angle Z^pxq of pxq with respect to by 



Z'"pxq = arccos f lim — — — - / (dr„, dr„)dv] 

\r^Ov{Br{x)) JbJx) J 



Br{x) 

Theorem 4.3. We have that 

2t^-jp{t),jg{ty 



cos /.""pxq = lim ■ 



t^o 2t2 

for any minimal geodesies jp from x to p, and '~fq from x to q. Especially, we have Theorem 

HIM 

Proof. Recall that a pointed proper geodesic space {Y, y) is a tangent cone of M^o at 
X G Moo if there exists a sequence of positive numbers rj — )■ such that (Moo, '^j~^'^Afoo5 ^) ~^ 
iY,y). Fix 

(1) a sequence of positive numbers — )■ 0, 

(2) a tangent cone {Y, y) of Moo at x, a Radon measure vy on Y, satisfying that 

{Moo,r~^dM^,x,v/v{BrXx))) {Y,y,VY), 
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(3) geodesies 7p, jq on M^o beginning at p, q, respectively, such that x is an interior 
point of both 7p and 7^. 
Then it is easy to check that there exist hnes Ip, Ig of Y such that y G Image ( Zp ) fl Image (Zg) 
and that (7^, r^^dy) Ip and (7^, r'^dy) — )■ Iq with respect to the Gromov-Hausdorff 
topology (recall that a map / : R — t- F is said to be a line of Y if I is an isometric 
embedding). By [H Lemmas 6.15 and 6.25] and [20, Corollary 4.5], it is not difficult to 
check that dvp dbi^ and dvg — )■ dbi^ on Y, where bi^ is the Busemann function of Ip. 
Therefore by splitting theorem [U Theorem 6.64] and f2U\ Theorem 1.2], we have 

cos Z'"pxq= lim — — -— — - / (drp,dr„)dv 

v{BrXx)) JBr-ix) 



1 



Br^{x) 

(u ( w I {dbi^,dbi^)dvY 
cos (the angle between Ip and Iq) 



2t[_-7p(t.),7,(t^ 



2— ^OO 



2ti 



□ 



Denote Z.pxq = Z^pxq and call it the angle of pxq. 
Remark 4.4. By the proof of Theorem 14.31 we have that 



lim sup 







2ste^ 

for every < ri < r2 < 00. 

The next corollary is a direct consequence of Corollary 14.21 and [T9l Theorem 3.2]: 

Corollary 4.5 (Weak Holder continuity of angles). Let r > 0,R > 1, p,q,x e M^o 
with p,q & Br{x) \ Bji~i{x) and x G fl V^. Then there exists r = r{n,T,R) > 
such that a function $(2;) = cos Zpzq is a{n)-Hdlder continuous on Br{x) H Vp fl Vg. 
Especially, we have that $ is weakly a{n) -Holder continuous on M^o with respect to any 
limit measure. 

Th next corollary is a direct consequence of Proposition 13.241 and Corollary 14.51 

Corollary 4.6. Let {(C*', 0i)}i,« ^ rectifiable coordinate patches by distance func- 
tions on Moo OS in Theorem \2.3[ Then Moo has a weakly a{n)-Hdlder structure with 
respect to {(C,?, 0^)};,^. 

Next, we will discuss a continuity of angles with respect to the Gromov-Hausdorff 
topology. For that, recall that a map (p from a metric space Xi to a metric space X2 
is said to be an e-Gromov-Hausdorff approximation if X2 C i?e(lmage(0)) and |x, y — 
0(x),0(?/)| < e for every x^y E Xi. 
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Proposition 4.7. Let {Y,y) be a Ricci limit space, R>l,0<r<l,0<P<l and 
p,q E Bjiiy) with y G M^o \ {Cp U Cg U {p, q}). Then for every e > 0, there exists 5 > 
such that the following property holds: Let {Y , y) he a Ricci limit space and p,q E Bpi{y) 
with y G "Dp fl \ {Bp{p) U Bi3{q)). Assume that there exists an 6-Gromov-Hausdorff' 
approximation (p from {Bji{y),y) to {Bji{y),y) such that 4>{p),p < S, 4>{q),q < 6. Then 
we have \^pyq — '^pyq\ < £■ 

Proof. The proof is done by contradiction. Assume that the assertion is false. Then 
there exist eo > 0, i? > 1, r > 0, /3 > 0, sequences of Ricci hmit spaces {(^,yi)}i<oo 
and of points pi,qi e Bn^yi) such that {Bii{yi),yi) {Bn{y),y), pi p,qi q, yi G 
n PJ. \ {Bjj{j)i) U Bi^i^qi)) for every i and that | cos Zpiyiqi — cos Zpyq\ > cq for every i. 
Moreover, by Gromov's compactness theorem, without loss of generality, we can assume 
that there exist a limit measure t; on y and a sequence {vi}i of limit measures Vi on Yi 



such that V is the limit measure of {vi}i. By Corollary 14. 2[ there exists r > such that 

cos Zpiytqi J / {drp^,drq^)dv^ + cos Zpyq J / {drp,drg)dv 

vABJyi)) Jbau,) v(BJy)) Jbm 



3 



for every i. On the other hand, it follows from [20, Proposition 4.8 and Corollary 4.4] 
that 



If 1 

{dvp^ , dvq^ ) dvi , , / {dvp, dvq) dv 



Vi{Briy^)) JB,(y,) " ' v{Br{y)) JB,.{y) 

for every sufficiently large i. Thus we have that | cos Zpiyiqi — cos Zpyq\ < cq for every 
sufficiently large i. This is a contradiction. □ 

The following theorem is a result about a continuity of angles with respect to the 
Gromov-Hausdorff topology: 

Theorem 4.8 (GH-continuity of angles). Let R > 1, (3 > and < r < 1. Then 
for every e > 0, there exists 6 = 6{n, R, r, /3, e) > such that the following property 
holds: Let {Yi,yi) and (Y2,y2) be Ricci limit spaces, and ai,bi G Bji{yi) with yi G V^. fl 
\ [Bjslai) U Bfs{bi)). Assume that there exists an 6-Gromov-Hausdorff approximation cj) 
from yi) to (-B_r(?/2), I/2) such that 0(ai),a2 < 5 and 0(6i),62 < ^- Then we have 

|Zai?/i6i - Za2y2&2| < e. 

Proof. The proof is done by contradiction. Assume that the assertion is false. Then 
by Gromov's compactness theorem, there exist 

(1) > 1, /3 > 0, < r < 1, eo > 0, 

(2) a Ricci limit space (Z, z), points a,b E Z, 

(3) a sequence of Ricci limit spaces {{Zj, 2;^ )}i<i<oo,j=i,25 

(4) a sequence of positive numbers 5j — )► 0, 

(5) sequences of points aj, bj G with zj G V^.nVl, n (5^(a-) \ n (5^(6-) \ 

B,m), 
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(6) a sequence of 5j-Gromov-Hausdorff approximations (pi from {Bji{zj), z}) to {Bji{zf), zf) 
with (f)i{aj),a^ < 6i, (t)i{h\),hf < 5i, 
such that {Bji^zj), zl) — )■ {Bji{z),z), — )■ a, 6^ — > 6 as z — )■ oo for every j = 1,2 and 
that iZalzjbj — Zafzfbf\ > cq. On the other hand, by Proposition 14.71 we have that 
limi^oo Zajz^bl = Zazb. This is a contradiction. □ 

We end this subsection by giving an apphcation of Holder continuity of angles to a 
bi-Lipschitz embedding from a subset of M^o to a Euclidean space. Recall that (JZkj^^r = 
{x E M^;dGHi{Btix),x), {Bt{0k),0k)) < 5t for every < t < r }, where 0^ G R'', and 
dcH is the Gromov-Hausdorff distance between pointed metric spaces. See also [HI El [17] 
for the detail. 

Proposition 4.9. Let R>1, r>0, 5>0, t>0 and x e {TZk)6,r- Assume 
that there exists {pi}i<i<k C such that x G f]^{{Bji{pi) \ fl V^J and that 

det{cos Zpixpj)ij 7^ 0. Then we have that a map (pt = a/ det(cos Zpixpj)ij (r^j, . . . ,rp^,) 
from Bt{x) fl (7lk)5,r H flj^p, ^■^ (1 ^ "^{6,^, R, (3,T,r))-bi-Lipschitz embedding 

for every < t < r, where \l/(a, b; c, d, e, /) is a positive definite function on satisfying 
that lima^o,fe^o ^(ct; b; c, d, e, /) = for every fixed c, d,e, f . 

Proof. Let t; be a limit measure on M^q. It follows from [20^ Corollary 4.4] that 
lim — — -— - / det((drr, ,dr„.))i^dv = det(cosZpiXpAii. 

Then the assertion follows from the proof of [201 Lemma 3.14]. □ 

Remark 4.10. Assume (Mqo, moo) is a non- collapsing limit, i.e., there exists a sequence 
of pointed n-dimensional complete Riemannian manifolds {(Mj, mj)}j with RicAf. > —{n — 
1) such that limj^oo vol -Bi(mj) > and {Mi,mi) — )■ (Moo,moo)- Then in [3], it is shown 
that for every x G (JZn)5,r, we have that Br/32{x) C {'R-n)^{s,r;n),r/32- See [H Theorem 5.11] 
for the proof. See also [5l Remark 5.15] and |11] . 

4.2. Weak Lipschitz continuity of the Riemannian metric on a Ricci limit space. 

In this subsection, we will show that the Riemannian metric of a Ricci limit space is weakly 
Lipschitz. 

Assume that (Mj, mj, vol/vol i?i(mi)) — )■ {Moo, moo, v). The following proposition is an 
essential result to get Theorem 11.31 See [211 l22l [231 [21] for related important interesting 
results. 

Proposition 4.11. Let R > and {/j}i<j<oo be a sequence of Lipschitz functions ft 
on Bfi{mi). Assume that the following properties hold: 

(1) supi(|/,|Loc + Lip/i) < oo. 

(2) {fi,dfi) {foo,dfoo) on Bnimoo). 

(3) There exists r > with r < R such that supp/j C Br{mi) for every i. 
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(4) G Hi^2{BR{mi)) for every i < oo, and 



sup — — r / \d\dfi\'^\'^ dvo\ < oo. 
vo\BR{mi) Jb^{ 



1 2 1 2 

\a\aji 

i<oo \^iUR\:ilLi) JBn(mi) 

Then we have that |(i/ooP G -f^i,2(-B_R("^oo)) and that 



[ \d\dU^\'dv <\immi [ \dm^\'dYol 



v{BR{mi)) JB^{m^) Yo\ BR{mi) J 

Proof. By Lemma 5.8], there exists an orthonornal basis {0^}^ on L'^[BR{mi)) 
consisting of eigenfunctions (pl associate with the j-th eigenvalue A] with respect to the 
Dirichlet problem on BR^rrii) such that A] — )■ A^, and that (pl — )■ 04> with respect to 
the L^-topology (see [28] for the definition of L^-topology with respect to the measured 
Gromov-Hausdorff topology). Put \dfi\'^ = YlY=id'^l^l L'^i.BR^rrii)) for every i < oo. Let 
L > 1 with 



1 r °° 

— - / \d\dm'dyol = J2Ki<)'<L 



for every i < oo. By jl2[ Lemma 5.11], we have that 

oo 



j\2 ^ 1 I <• I 1^1^x121 ^C{n,R,L) 

- 7VmT^\ji\L^(BR(rn,))mdfi\ |L2(B^(m,)) < j;^^/^ 

j=N+l ^ i > 

for every i < oo and every N . Fix e > 0. Then there exists A^'o such that X]^Aro+i('^i)^ < ^ 
for every i < oo. Remark that by |20, Corolalry 4.4], we have that \dfi\^ — )■ |(i/ooP with 
respect to the L^-topology. Especially, we have that 



= 1 I — V / M/ilViC^vol ] / \df^\^(t)^^dv = ai^. 



Thus we have that | M/oop-E^Lo «^oo</'L 1^2(5^ (m^)) = limj^oo IM/ip-E^Lo«i<^i < 
e, for every N > Nq, i.e., Ylf=o(^io'PL M/ooP in L'^{BR{m^)) as oo. Since 

\di^J=o 0'i(Pi)\L^BR{m,)) -> M(Ej^o«^oo0^)U2(B^Xr«oo)) as « ^ OO for every A^, we have the 
assertion. □ 

Corollary 4.12. Let R > 0, L > 1 and {fi}i be a sequence of Lipschitz functions fi 
on BRinii). Assume that the following properties hold: 
(1) fi is a -function for every i < oo. 
(2) 

sup ( |/,U- + Lip/i + J / (A/,)2dvol ) < L 

i<oo\ Y0\ BR[mi) J Bj^[ra,) J 

(3) fi /oo on BR{moo). 
Then we have that \dfao\'^ G i/i^2(-Br("^oo)) for every r < R and that 



(u) / \d\dfJ\^\^dv<C{n,L,r,R). 



RICCI CURVATURE 23 
Especially, we have that |(i/ooP is weakly Lipschitz on Bji^rrioo)- 

Proof. By [41 Theorem 6.33], there exists a sequence {0i}i<oo of smooth functions 0j 
on Bii{mi) such that \V(j)i\L^ < C{n,r,R), |A0i|ioo < C{n,r,R), < < 1, = 1 

and supp0i C -B(r+i?)/2("^i)- By applying Proposition UTT] for and [201 Corolahy 4.5], 
it follows that 



J TT / \d\dU^\^dv<C{n,L,r,R). 



Finally, the fact that |(i/ooP is weakly Lipschitz follows from [21 Theorem 4.14] and 
Poincare inequality of type (1, 2) on M^o [3 Theorem 2.15]. □ 

The following is a direct consequence of Corollary 14.121 

Theorem 4.13 (Weak second differentiability of Ricci limit spaces). Let {(C*-, 
he a rectifiable coordinate patches of {Moq,v). Assume that for every i,l, there exist 
r > 0, a sequence {xj}j of points xj G Mj with C- C Br{xoo) and Xj x^o, a sequence 
{fj,s}j<oo,i<s<i of C"^ -functions fj^s on Br{xj) such that sup^- Lip/j_s < oo, fj ., — 0' on 
C\ as j — 7- oo for every s and that 



where 0' = . . . Then the Riemannian metric g of M^o is weakly Lipschitz with 
respect to {(C*', Especially, Moo has a weakly second differentiable structure with 

respect to {(C-, 

Remark that Theorem 11.31 follows directly from Theorems 12.41 and 14.131 

Definition 4.14. We say that a rectifiable coordinate patches {{C-, as in Corol- 

lary HUn] is a weakly second differentiable patches with respect to {{Mj,mj)}j. 

Assume that {(C*j', is a weakly second differentiable patches with respect to 

{(M„m,)},. 



Proposition 4.15. Let R > and f^o be a Lipschitz function on Bji{moo)- Assume that 
there exists a sequence {fj}j<oc of C"^ -functions fj on Bjiirrij) such that sup^ Lip/^ < oo, 



fj /oo on BR{y oo) and 

^^P 1 / N / {Afifdvol < oo. 
i<oo vol Bniyi) JBnivi) 

Then /oo is weakly second differentiable on Bu{y) with respect to {(C-, 
Proof. By CorolalrySia □ 
Finally, we end this section by giving the following corollary: 
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Corollary 4.16 (Weak second differentiability of eigenfunctions) . Let f^o he an eigen- 
function associated with the eigenvalue A with respect to the Dirichlet problem on -Bij(moo)- 
Then f^o is weakly second differentiable on Bjiim^) with respect to {(C', 

Proof. By [281 Lemma 5.8], there exists a sequence {fi}i of eigenfunctions fi asso- 
ciated with the eigenvalue Aj with respect to the Dirichlet problem on Bji{xi) such that 
Ai — J- A and that fi ^ f with respect to the L^-topology. Remark that it follows from 
Cheng- Yau's gradient estimate [8j that sup^ Lip(/j|B^(2;-)) < oo for every r < R. Thus the 
assertion follows directly from Proposition 14.151 □ 
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